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Abstract 

_ In this paper, we consider global solutions of the following nonlinear Schrodinger equation 

^! iut + Au + A|u|"u = 0, in R^, with A G R, a G (0,7^) G (0, oo) if iV = 1) and 

w(0) £ X = H^(R^) n _L^(|a;p; da;). We show that, under suitable conditions, if the solution 
. u satisfies e~^^^u{t) — m± — > in X as t — ^ ±oo then u{t) — e^^^u± — ^ in X as t — >■ ±oo. We 

■ also study the converse. Finally, we estimate | ||ii(f)||x — ||e'*^it± Hx | under some less restrictive 

^ ^ _ assumptions. 

o: 

£l] ; 1 Introduction and notations 

I We consider the following Cauchy problem, 

^\ |i^ + Au-HA|urw = 0, (t,a-)e (-T*,T*)xM^, 

^ dt (1.1) 

w(0) = if, in R^, 

4 

where A e R, ^ a < (0 ^ a < oo if iV = 1) and w a ffiven initial data. 

4 

It is well-known that if A < 0, a > — and e H^{R^), then there exists u± £ H^{R^) such that 
lim \\T{—t)u{t)—u±\\H^ = (Ginibrc and Vclo [iS], Nakanishi [11, 12]). Since (e'*'^)tgR is an isometry 
on H^R^), wc also have ^ Urn \\u{t) - T{t)u±\\Hi = 0. Furthermore, if a > -{n-2)+vn'-+12N+4: 
iiip e X = Hi(R") n L2(|xp;(ix), then there exist u± £ X such that lim \\T{-t)u{t) - u±\\x = 
(Tsutsumi [ I- ')]). The same result holds without assumption on the A's sign if the initial data is small 
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4 

enough in X and if a > ^ ^ ^ (Cazenave and Weissler [■>]). Note that to have these hmits, we 

have to make a necessary assumption on a (Barab [1], Strauss [13, 14], Tsutsumi and Yajima [10]), 
2 4 

— < a < (2 < a < oo if TV = 1). 

The purpose of this paper is to study the asymptotic behavior of \\u{t) — T(1:)u±\\x under the 
assumption lim \\T{—t)u{t) — u±\\x = 0, and the converse. In the hnear case {i.e. : A = 0) or if the 

i— f ±oo 

initial data is 0, the answer is trivial since T{—t)u{t) — u± = u{t) — T{t)u± = 0, for all i e R. Since 
(e'*^)tgK is an isometry on H^{R'^), the equivalence on H^(K^) is trivial. But (e**^)tgR is not an 
isometry on X and so it is natural to wonder whether or not we have lim \\u{t) — T{t)u±\\x = 

i— f iboo 

when lim ||T(—<)u(t) — u± ||x = and conversely. 

This paper is organized as follows. In Section 2, we give the main results. In Section 3, we establish 
some a priori estimates. In Section 4, we prove Theorems 2.1, 2.4, 2.5 and Proposition 2.8. In Section 
5, we prove Theorem 2.10. 

Before closing this section, we give some notations which will be used throughout this paper and 
we recall some properties of the solutions of the nonlinear Schrodinger equation. 

z is the conjugate of the complex number z; Re z and Im z are respectively the real and imaginary 

N 2 

part of the complex number 2; A = ^ for 1 ^ p ^ 00, p' is the conjugate of the real number p de- 
fined by i + ^ = 1 and = LP(M^) = LP(R^;C) with norm = H^R^^) = H^{R^;C) with 



norm || . for aU {f,g) e x L\ (/,.g) = Re / f{x)gix)dx; X {yj e H\R^;C); U\\x < 00} 
with norm \\ip\\x = + / \x\'^\tp{x)\'^dx; {T{t))teR is the group of isometrics (e^'-^jigR gen- 

erated by iA on L^(R^;C); C are auxiliary positive constants and C{ai,a2, . ■ . ,a„) indicates that 
the constant C depends only on parameters ai, a2, . . . , a„ and that the dependence is continuous. 

It is well-known that for every ip G X, (1.1) has a unique solution u E C{{—T^,,T*);X) which 
satisfies the conservation of charge and energy, that is for all t E {—T^,T*), \\u{t)\\]^2 = !|95||l2 and 
E{u{t)) = E{(p) =^ ^\\V^\\l2 - -^\Mltl2- Moreover, if A =^ 0, if a< ;^ or if \\ip\\hi is smaU enough 
then T* = = 00 and ||u||^oc(jj.^i) < 00 (see for example Cazenave [2], Ginibre and Velo [4, 5, 6, 7], 
Kato [9]). 



Definition 1.1. We say that {q, r) is an admissible pair if the following holds, 
(i) 2^r (2s;r<ooifA^ = 2, 2s;r<ooifA^ = l), 

4r 

Note that in this case 2 ^ g ^ 00 and q 



N{r - 2)' 



Definition 1.2. We say that a solution u E C{{—T^,,T*);X) of (1.1) has a scattering state u+ at 

+00 (respectively u_ at —00) if T* = 00 and if G X is such that lim \\T{—t)u{t) — ""-i-jljf = 

f — ^00 

(respectively if = 00 and if u_ G X is such that lim \\T{—t)u{t) — U-\\x — 0). 

t— ^— 00 

We recall the Strichartz' estimates. Let / C M, be an interval, let to e /, let {q, r) and (7, p) 
be two admissible pairs, let ip e L2(R^) and let / e L'^' {I : Lp' (R^ )) . Then the following integral 
equation defined for all t <E I, u{t) = T{t)ip + i T{t — s)f{s)ds, satisfies the following inequality 

J to 

\H\Li{i.Ln 5% Co\\v\\L2+Ci\\f\\L-''{i;Lp')' where Cq = Co{N,r) and Ci = Ci{N,r,p). For more details, 
see Keel and Tao [10]. 

2 The main results 

2 4 

Theorem 2.1. Let A 7^ 0, — < a < (2 < a < cxj if N = 1), w G X and let u be the solution 

of (1.1) such that u{0) ~ ip. We assume that u has a scattering state u± at ±00 (see Definition 1.2). 
Then the following holds. 

4 

1. (a) If N ^2 and if a> — then lim \\u{t) - T{t)u±\\x = 0- 

N t— >±oo 

g 

(b)If3s^Ni^5andifa>— — -then lim \\u{t) - T{t)u±\\x = 0- 

iV + 2 t-i.±CX3 

g 

2. If N = 1 and a = A or if 3 N ^ 5 and a = then we have, 

J ^ ^ N + 2 

sup ||ii(t) — r(t)M+||x < 00 and sup ||u(t) — T(t)ti„ ||x < 00. 

Remark 2.2. Remark that in Theorem 2.1, no hypothesis on the A' s sign is made. 

4 8 6 4 

Remark 2.3. ^ {3, 4, 5} =^ - < ^ < - < 

N -2 N + 2 

g 

Despite the fact wc do not know if lim \\u{t) — T{t)u±\\x = when a ^ {a ^ A/N if 

t-i.±oo iV + 2 

N ^ 2) or when iV ^ 6, we can give an estimate of the difference of the norms, as shows the following 
theorem, without any restriction on the dimension space N and on a (except a > j^). Since under the 
scattering state assumption we always have lim \\u{t) — T{t)u±\\i{i ~ 0, it is sufficient to estimate 

t— f±oo 

I \\xu{t)\\L2 - \\xT{t)u±\\L2\ as t ±(x. 
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2 4 

Theorem 2.4. Let A < 0, — < a < — — - (2<a<oo if N ^ I), (p e X and let u be the associated 
solution of (1.1). Assume that u has a scattering state u± at ±oo (see Definition 1.2). We define for 

2 

L2. 



t G M, ^±(t) = ||.TM(t)||i2 — ||xT(t)w±||/^2 and h{t) ~ \\xu{t)\\'j^2- Then we have the following result. 



suj)\\\u{t)\\x — \\T{t)u-f-\\x \ < oo and sup \ \\u{t)\\x — \\T{t)u-\\x \ < oo, 

with the following estimates. 

. 4 , C ^ -,. . , /i'(0) + 4(xu±,iVM±) 

1. Ifa<- then ^ < liminf^± t < limsup^± t ^ ± ^ \ ^ ^' i^. 

^ I|vu±||l2 t^±oo t->±oo 4||vm±||l2 

^ 4 , , /i'(0) + 4(a;u±,iVw±) x -,. . / ^ C 

^. Ifa>— then ± — ^ — ^ \\mmi A±{t) =^ linisupyl±(t) =^ 



N 4||Vw±|U2 t->±oo t^±^ ||Vm±||l2 

„ 4 , ,. , , /i'(0) +4(a;w±,iVu±) 
5. Ifa^— then lim yl± t) = ± ^ ' — ^ ^. 



Furthermore, h (0) = 4Im / (/3(a;)a;.V(p(a;)(ix and C = C(sup ||T(— t)it(i)||x, ./V, a, A). 

2 4 

Theorem 2.5. Let A > 0, — < a < (2 < a < oo if N = 1), w G X and let u he the associated 

' N N ~2 

solution of (1.1). Assume that u has a scattering state u± at ±oo {see Definition 1.2). We define for 
all t G M, A±{t) = ||.Tii(t)||i2 — ||xT(t)u±|j£,2 and h{t) ~ ||a;u(t)||^2. Then we have the following result. 

svlp\ \\u{t)\\ X — \\T{t)u^\\x \ < oo and s.\xp\ \\u{t)\\x — \\T{t)u-\\x \ < oo, 

with the following estimates. 

4 , /i'(0) + 4(a;u±,iVw±) x -,. , C 

1. If a < — then ± — — ^ liminf A±{t) < lim sup yt± (i) < 



N 4||Vw±|U2 ^ t^±^ ' ^ t^±oo ^ ' ||Vw±|| 



L2 



^ 4 , C X ,. . /i'(0) + 4(xu±,iVM±) 

5. ^/.en lim ^,(t) ^ ± "^^^^ + f ' ^^^^^ . 

iV t->±oo ^ 4|1Vw±||l2 



Furthermore, ft.'(0) = 4Im / ip{x)x.\7(p{x)dx and C = C {snp \\T {— t)u{t)\\x,N, a, X). 

J tGR 

R« 

4 8 
Remark 2.6. By Theorem 2.1 and 2 of Theorems 2.4 and 2.5, if a > — when ^ 2 or if o; > 

when N E {3, 4, 5}, we have 



Im / u-{x)x.yu-{x)dx ^ Im / (p(x)x.yip{x)dx ^ Im / u+{x)x.Vu+{x)dx, if A < 0, 



Im J u-^-(x)x.'S7u-^^(x)dx ^ Im J Lp{x)x.'S/if{x)dx ^ Im j u-(x)x.'S/u-{x)dx, if A > 0. 

R« R« RN 
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Remark 2.7. U ip e H^{R^;C) satisfies (p = aip with e iJi(R^;M) and a £ C, then we have 
d 



h'{0) = -r\\xuit)\\l2^^^Q = 4Im / ip{x)x.Vip{x)dx = 0. 



dt 

The following proposition offers others estimates. 

2 4 

Proposition 2.8. Let X ^ 0, — < a < — — - {2 < a < oo if N ^ 1), ip E X and let u he the 
solution of (1-1) such that m(0) = Lp. Assume that u has a scattering state u± at ±cx). Then the 
following estimates hold. 

1 Tf\^nv (W II rJ.f.^ 11 . .\\xu±\\L2\\^u±\\L^±{xu±,i'S/u±) 

1. IfX< 0, linisup(||xii(t)|li2 - \\xT(t)u±\\L2) ^ — . 

t^±00 ||Vlt±||l,2 

2. IfX> 0, hniinf( .Tu(t) L2 - a;r(i)u± ^ rp= r. • 

t-J.±00 i|Vlt±||/^2 

4 

Remark 2.9. By 3 of Theorems 2.4 and 2.5 and by Proposition 2.8, if a = — then we have, 

-\\xu^\\l2\\\/u^\\l2 s$ ^^\\xu{t)\\l,^^^g ==; \\xu+\\l2\\Vu+\\l2, if a < 0, 

-i|x^i+|U2||V«+llL^ < l^^\\Mt)\\l2\t=o ^ \\xu^\\l4^u.\\l2, if a > 0. 

Now we give the result concerning the converse. 

2 4 

Theorem 2.10. Let A 7^ 0, — < a < — — - {2 < a < 00 if N = 1), Lp E X and u be the associated 

solution of (1.1). Assume that u is global in time and there exists G X and E X such that 

lim \\u{t) — T{t)u±\\x = 0. Let = — ^ ) ^ ^ ^ — ^ Then, we have the following 

t— >±oo 2N 

result. 

1. // A < and if a ^ ao (a>aQ if N = 2) then lim \\Ti—t)u{t) — u±\\x — 0. 

4 

2. Lf X> Q and if a> — then lim ||T(-t)w(t) - u±j|x = 0. 

N i— >±oo 

4 

5. If a > and if WfWx is small enough then lim \\T{~t)u{t) — u±\\x = 0. 

iV + 2 t— >±oc- 

Remark 2.11. Note that in the case 2, no hypothesis on the s size is made. 

Remark 2.12. Assume there exists u±,v± E X such that lim \\T{—t)u{t) — u±\\x = and 

t^±oo 

lim \\u{t) — T{t)v±\\x = 0. Then we have, m+ = v^^ and = u_. Indeed, since X ^ _L^(M^) and 
T{t) is an isometry on L^{R^), we have lim \\T{-t)u{t) - u±\\l2 = lim \\T{-t)u{t) - v±\\l2 = 0. 
Hence the result. 



Remark 2.13. ao E (ivT2'^) Ks (f,^) if TV = 1). 
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3 A priori estimates 



Throughout this section, we make the fohowing assumptions. 



[ 



A^O, l<a<^^A_(2<a<cx3)ifiV-l), ^ e X, u ^ C {R- X) is the ^^^^ 



I associated solution of (1.1) and has a scattering state u± & X a.t ±00. 
We define the following real. 

a-2 



if iV = 1, 



Proposition 3.1. Assume u satisfies (3.1) {we can suppose instead of u has a scattering state that 
we only have sn\)\\T{—t)u{t)\\x < 00). Let {q,r) be an admissible pair {see Definition 1.1). Then the 
following holds. 

1. Forallt^Q, I|w(^)I|l- i^C\t\-^, where C = C{&np\\T{-t)u{t)\\x,N,r). 

4 

2. If furthermore a > then u £ L9(R; ^^^'''(K^)). 

Proof. We follow the method of Cazenave [2] (see Theorem 7.2.1 and Corollary 7.2.4). We set 

■1^1^ 

w{t,x) ~ e^*T^u(t,x) and f{u) = X\u\"u. We already know that for every admissible pair {q,r), 
u G L'jl^^{M.;W^'^ {M.^)) (see for example Cazenave [2]; Theorem 5.3.1 and Remark 5.3). We only 



prove the case t > 0, the case t < following by applying the result for t > to u{—t) solution of 
(1.1) with initial value Ip. We proceed in 2 steps. 

2 

Step 1. ||u(<)||l'- ^ C(sup \\T{—t)u{t)\\x,N,r)\t\^^, for every admissible pair {q,r) and for all t ^ 0. 

Wehiwe\\xT{-t)u{t)\\L2 = \\{x+2itV)u{t)\\L2 ^ C. Furthermore, {x+2itV)u{t, x) = 2ite"*Tr Vw(t, x). 
Using the Gagliardo-Nirenberg's inequality, we obtain 

\\u{t)U^ EE \\w{t)U^ ^ C\\Vw{t)\ff^-'\\w{t)\\[-''^''-'^ 

^ C {\\{x + 2ttV)u{t)\\L2\t\-Y^^'^^ 

^c'ltr^'i---^). 

Hence the result. 

Step 2. It G L'?(M; M/i^'^(R^)) for every admissible pair {q, r). 
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By the Strichartz' estimates and by Holder's inequality (applying twice), we have 

II/(«)IIl.'((0.oo);W1.^') + I1"IIl.((0,oo);M/i.^), (3.3) 

I|w||l9((s,oo);M/i.'-) + CIImII"^ ^^\\u\\li{{s,oo):W^.-): (3.4) 
for all 5 > and for every admissible pair {q,r). 

Case N^3. We set r = 2N-a{N-2) ■ ^i^^^e a e ^0, 77^^^ , we have r G ^2, -^^^ ■ So we can take q 
such that {q, r) is an admissible pair. For this choice of r, we have ~ and — 



By (3.4) and the first step we have for all S" > 0, 

\\u\\L'>((s,ooy,w^.r)i^C + C l^j^ t-4-»t«-2)c!i^ ' ||u||l5((s,oo);Wi.-). 

4a 4 
And ; r > 1 4=^> a > . Thus, there exists 5*0 > large enough such that 

4-aN-2) N + 2 b b 



q-2 i-a{N-2) ' 



and then, 

II'"I|l5((So,oo);W1.'-) =^ 2C. 

For this choice of (g,r), we deduce from (3.3) that !|/(u)|Il9'((o oo)-h'1''-') < Hence the result for 
every admissible pair by the Strichartz' estimates. 

2(r — 1) 

Case N=2. Since a > 1 is fixed, we take r > 2 sufRciently close to 2 to have a > — -. So, in 

r 

T(X q T 

particular, > 2. Moreover, = — where q is such that {q, r) is an admissible pair. So by 

Holder's inequality (twice), (3.4) and the first step, we have for all S > 0, 



u 



f f°° .o-2(.-2) \ - 
L9((S,oo);VKl.'-) =^ C* + ( y t ^ dtj ||ui|L9((S,oo);VKl.'-). 



j-Q. — 2(r — 2) 2(r — 1) 

And > 1 a > . And we conclude exactly as the case ^ 3. 

2 r 

Case N=l. We take (3.3) with the admissible pair (00, 2) and apply the first step. So, 

\\f{u)\\m{0,oo)-H^) ^ C (||u||L°((0,l);i~) + ll'"IU°((l,oo);L-))" ||w||l-=((0,oo);H1) 

00 

1 

Hence the result for every admissible pair by the Strichartz' estimates. □ 
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Remark 3.2. We set v{t, x) = {x + 2itW)u{t, x). In the same way as the above proof, we can show 

.4 

under the assumptions of Proposition 3.1 that if a > ^ ^ ^ , then for every admissible pair {q,r), 
V G L''(R; L'^(R^)) (follow the step 2 of the proof of Corollary 7.2.4 of Cazenave [2]; consider separately 
the three cases 7V=1,A^ = 2,A^^3 and replace the admissible pairs therein by those of the proof 
of Proposition 3.1). 

4 

Proposition 3.3. Let 7* be defined by (3.2). Assume u satisfies (3.1) and a > 
following estimates hold. 

1. If N = 1 then for all t ^ Q we have \\T{-t)u{t) - M±||ffi =^ C\t\-'^' . 

2. If N ^2 then for all t ^ Q and for any 7 < 7*, we have \\T{~t)u{t) - u±\\hi < C|t|"'^. 

3. IfN^3 then for all t ^ we have \\T{~t)u{t) - u±\\hi ^ C\t\-''' . 

Proof. Denote /(u) = A|u|"m. We only prove the case t > 0, the case t < following by applying the 



result for i > to v{t) = u{—t) solution of (1.1) with w(0) = Lp. In this case, v+ = u- and the result 
follows. By applying the Strichartz' estimates and Holder's inequality (twice), we have 

\\u{t)-T{t)u+\\H^^C\\f{u)\\^,,^,^^y^^,,.,)^C\\ur^ r^ \\u\\L,(^.Wl.), 

for every admissible pair (g,r) and for all t > Q. Thus, by Proposition 3.1, 2, we have 

\\uit)-T{t)u+\\H^ ^c\\ur^ ^ 

Ll-^ ((t,oo);L'--2 ) 

for every admissible pair (q, r) and for all t > 0. 

Now, we conclude by the same way than for the step 2 of the proof of Proposition 3.1, using 1 of 
this proposition, considering separately the three cases A^=1,A^ = 2,A^^3, and using the same 
admissible pairs. This achieves the proof. □ 

4 Proof of Theorems 2.1, 2.4, 2.5 and Proposition 2.8 

Throughout this section, we assume that u satisfies (3.1). 

Proof of Theorem 2.1. Since lim \\T{—t)u{t) — u±||js: = and T{t) is an isometry on H^, we 

>-±oo 

have lim \\u{t) — T{t)u±\\Hi ~ 0. Thus, it is sufficient to prove that lim \\xu(t) — xT(t)u±\\L2 — 

to obtain 1 and that sup||a;w(t) — xT{t)u^\\]^2 < oo and sup||a;w(t) — xT{t)u^\\]^2 < oo to obtain 
t>a t<o 



2. Suppose that the resuh is proved for t > 0. Then we apply it to v{t) = u{—t) solution of (1.1) 
with initial data u(0) = Tp. Then ij+ = tlT is the scattering state at +cx) of u{—t). And using the 
identity T{t)ip = T{—t)ip which holds for all t G K and for every ip £ L^, we obtain the result for 
t < 0. So to conclude, it is sufficient to prove that lim — xT{t)u-^-\\]^2 = to obtain 1 and 

sup ||a;w(t) — xT {t)u-^-\ \ < oo to obtain 2. We have 



xu(t) ~ xT(t)u+ — xuit) — T{t)xu+ + 2zir(t)Vii+ 

= xu{t) + 2itVu{t) - T{t)xu+ + 2itT{t)Vu+ - 2itVu{t) 
= Tit) \{xT{-t)u{t) - XU+) + 2it(Vu+ - T(-t)Vu(t))] , 

for all t > 0. With Proposition 3.3, we obtain 

\\xu{t) - xT{t)u+\\L2 \\xT[-t)u{t) - xu+\\l2 + 2t\\T{-t)Vu{t) - Vu+Wl^ 
\\xT{^t)u{t) - xu+\\l2 + Ct-'^^-^\ 

for alH > and for aU 7 G (0,7*] if iV 7^ 2 and for all 7 e (0,7*) if = 2, where 7* is defined by 
(3.2). And by assumption, lim \\xT {—t)u{t) — xu^\\]^2 = and 7* — 1 > if and only if a > if 
A^ ^ 3 and a > if A ^ 2. Thus, in the above expression, it is sufficient to choose 7 = 7* if A 7^ 2, 
and 7 e (0,7*) close enough to 7* if A^ = 2. Hence the result. □ 

Remark 4.1. Since we do not have the estimate 2 of Proposition 3.3 for 7 = 7*, we do not know 

4 

whether or not sup \\u{t) — T{t)uj^\\x < 00 and sup \\u{t) — T{t)u-\\x < 00 when N = 2 and a — — . 

t^o tsSO A^ 

We define the following function h by 



Lemma 4.2. Let u satisfying (3.1) and let h be defined by (4.1). Then h E C^(R), and we have 



yte{-n,T*), hit) = \\xuit)\\l2. 



(4.1) 




4Im J uit,x)x.\i'uit,x)dx, 





2 

L2- 



Furthermore, if A < 0, 



(4.2) 



and if X > 0, 



m e M, ||Vu(i)|U2 ^ 1IVU+IU2. 



(4.3) 
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Proof. See Ginibre and Velo [(>] or Cazenave [2], Proposition 6.4.2 to have h G C^(R), the expression 
of h' and G M, h"{t) = 4NaE{(p) — 2{Na — 4)|| Vu(i)|||2. Furthermore, using the conservation of 
energy and ^ hm ||7i(i)j|ia+2 = (Proposition 3.1), we obtain ||Vu+j|^2 = '^E{(p). Which gives, with 
the above identity, the desired expression of h" . Finally, with the equality ||Vm+||^2 = '^E{(p) and the 
conservation of energy, we obtain (4.2) if A < and (4.3) if A > 0. □ 

Now, we establish 2 lemmas which will be used to prove Theorem 2.4. 

Lemma 4.3. Let u satisfying (3.1) and let h he defined by (4.1). Assume that A < 0. Then the 
following holds. 

(i) If a<^ then limsup(|lxu(i)llL^ - \\^T{t)u+U.) ^ ^'^"^ 

jy t^oo 4||Vit+||L2 

/..N T ,. 4 , . , ,,, ,, , , h' (0) + A(xu+,i\/u+) 

(ii) If a> — thenliraM{\\xu{t)\\L2-\\xT{t)u+\\L2)^ ^ +' 



N t->oo ' " ' ' ^"^'^ 4||Vu+|| 



L2 



(iii) If then ^lim (||xu(t)|U. - \\xT{t)u+h.) = ^^^"^ + ^^^^^^^^^^^^ 

Proof. We proceed in 4 steps. 

Step 1. (a) If a < ^ then Vi ^ 0, h'{t) ^ h'{0) + 2iVa|| Vu+H^ 2^. 

(b) If a > ^ thc=n Vi > 0, h'{t) ^ h'{0) + SW^/u+Wl^t. 

(c) If " = ^ then Vt e M, /i'(i) = /i'(0) + 8||VM+||22t. 

We integrate between and t ^ the function h" of Lemma 4.2. 
4 

a < — =^ -2{Na - 4) ^ =^ (a). 
4 

a ^ — =^ -2{Na - 4) < with (4.2) =^ (b). 

a = ^ =^ -2(iVa - 4) = =^(c). 

4 

Step 2. (a) If a < — then Vi ^ 0, /i'(i) s$ /i'(0) + 8||Vu+||22i. 

(b) If " > ;^ then ^ 0, h'{t) /i'(0) + 2iVa|| Vu+||2 2^ 

We integrate between and t ^ the function h" of Lemma 4.2. 

a<^=> -2{Na - 4) > and (4.2) =^(a). 
4 

a> — =^(b). 

4 

Step 3. (a) If a < — then Vi > 0, 



||a;(^||i2 + h'{Q)t + NaW^u+Wl^J^^ /i(<) ||a:</7||^2 + h' {Q)t + 4|| Vii+||i2t^ 
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4 

(b) lfa> — then \/t ^ 0, 

11x951112 + h'{0)t + 4|lVu+|l2,t2 <; <^ \\xip\\l2 + h'{0)t + Na\\Wu+\\l2t'^. 
4 

(c) If a = — then Vt G M, h{t) = |1.2:<^|1|2 + h'{0)t + 4|1 Vu+lHai^- 

It is sufficient to integrate between and t ^ the formulas of steps 1 and 2 to obtain the step 3. 
Step 4. Conclusion. 



We set : g{t) = y^!l.T^|1^2 + h'{0)t + 4|lV^t+|l|2^^ t > large enough. 
Then for t > large enough, we have the following asymptotic development: 

In the same way, for t > large enough, we have : 

II rrf,-, II OIIY7 II + {xu+,i\/u+) Ila;w+|li2 /l\ , . 

\ xT{t)u+\ L2 = 2 V?i+ 77= 7 + -77= + o 7 ■ (4-5 

\\Vu+\\l2 4|lVu+|lL2i \tj 

And, applying the step 3 (a), (4.4) and (4.5) and taking limsup, we get (i). Indeed, 



\\xumL-~\\xTit)u, 



L2 



/i'(0) ^ \\xip\\l2 , (a;w+,iVw+) |la;M+||i2 , ^ 1 



4|lVw+|U2 4|lVu+|U2f \\Vu+\\l^ 4|lVu+|li2t V^, 
Hence (i) by taking lim sup in the above expression. 

By applying the step 3 (b), (4.4) and (4.5) and taking liminf, we get (ii) by the same way. 

By applying the step 3 (c), (4.4) and (4.5) and letting t — > oo, we get (iii) by the same way. □ 

Lemma 4.4. Let u satisfying (3.1). Assume that A < 0. Then the following holds. 

4 . . C 

(i) If a < — then liminf (|la;w(t)|l/^2 — |lxT(t)w+|1^2) ^ 



N t->oo ' '"^ " ' ' ^"^ ' ^ |1Vu±|1l2 

.. 4 . C 

(ii) If a > — then limsup(|la:'u(t)|li2 — |l.i;T(<)'u_|-|1^2) ^ 



N t^oc ' " ' ^"^ ' ^ |lVu±|U2 

Furthermore, C = C {sup \\T {-t)u{t)\\ x, N, a, X). 

Proof. We proceed in 2 steps. Let h be defined by (4.1). 

t s 

step 1. \ft ^ 1, - J J \\\/u{a)\\l2dcrds s$ C + Ct-^^ + Ct + \\\7u+ft - ^UVu+H^at^ where 



1 1 
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C = C{sup\\T{^t)u{t)\\x,N,a,X). 

teffi 

By Proposition 3.1, we have \\u{a)\\'ltl2 C {sup \\T {-t)u{t)\\ x, N, a)a- ^ , for all a > 0. With the 
conservation of energy and the formula ||Vu+||^2 = '^E{ip), we deduce that for all ct > 0, 

\\Vu+\\l, - \\Vu{a)\\l, ^ C{snp\\T{-t)u{t)\\x,N,a,\)a~'^ 

(since A < 0). Integrating this expression over [l,t] x [l,s], we obtain the desired result. 
Step 2. Conclusion. 

(i) Lemma 4.2 implies that for every t ^ 0, 

t s 

h{t)^\\xip\\l2+h'{Q)t + Na\\Vu+\\l2t^ -2{Na~~A) j j \\Vu{a)\\l2dads. (4.6) 



By (4.6) and step 1, we obtain, 

Vt ^ 1, h{t) ^ C' + /i'(0)t + iVa||Vw+||i2t^ + C'i^^-C't + 2(iVa-4)||Vu+||i2t-(A^a-4)||VM+f i^. 

And so for all t > 1, h{t) ^ C + Ct^^ + (/i'(0) - 2(4 - Na)\\\/u+\\l2 - C)t + ^Wu+Wl^t^. By an 
asymptotic development on this last inequality, wc obtain 

„ 1 «o-2 /i'(0)-2(4-iVa)||Vu+||22 -C /l 

\\xu{t)\\L- ^ m^+U-t + Ct-' + Ct — + ^ \ ; ±^ + o - 

for alH > large enough. From this last expression and (4.5), we obtain (i) (see the end of the proof 
of (i) of Lemma 4.3). 

(ii) From (4.6) and step 1, we obtain, for all t > 1, 

h(t) C + /'(0)< + Na\\Vu+\\l2t^ + Ct^^ + Ct + 2{Na - A)\\Vu+\\l2t - {Na - 4)|1 Vu+|li2t^. 

And so, for all t > 1, h{t) < C + Ct^^ + {h'{0) + 2{Na - 4)||Vu+||22 + C)t + 4|| Vu+H^ 2*2. By an 
asymptotic development on this last inequality, wc obtain 

„ 1 «o-2 h'(0)-2U-Na)\\Vu+\\%+C /1\ 

\\xuit)\\L2 <: 2\\Vu+U2t + cr^ + Ct — ^ + ^ — 4HVU+L ^ ° Ui ' 

for alH > large enough. With this last expression and (4.5), we obtain (ii) (see the end of the proof 
of (i) of Lemma 4.3). □ 

Now, we are able to prove Theorem 2.4. 

Proof of Theorem 2.4. As for the proof of Theorem 2.1, it is sufficient to show that 
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I ||a;it(f;)||i2 — ||a;T(i)it-|_||^2| remains bounded as t — > oo. Lemmas 4.3 and 4.4 achieve the proof 
and give the desired estimates. □ 

Now, we estabhsh 2 lemmas which will be used to prove Theorem 2.5. The proof is very similar 
to the Theorem 2.4 one. 

Lemma 4.5. Let u satisfying (3.1) and let h be defined by (4.1). Assume that A > 0. Then the 
following holds. 

(i) If a<^ then liminf(|lxu(i)|k. - \\xmu+\\,.) ^ ^'^"^ ^| y^X^"^^ " 

X. 4 , , ... ,, ^, ^ ,, . /i'(0) + 4(a;u+,iVu+) 

(ii) If a> — then\\ms\i-p{\\xu{t)\\L2 -\\xT{t)u+\\L2) ^' ^ ^' 



N t^oo ' " " ^""^ ' ^ 4||Vu+|l 



L2 



iii If then lim t - t = ^ V -■ 

iV t->00 4|| Vlt_(_||^2 

Proof. We proceed as for the proof of Lemma 4.3, using (4.3) instead of (4.2). □ 

Lemma 4.6. Let u satisfying (3.1). Assume that A > 0. Then the following holds. 

4 C 
(i) If a < — then limsup(||xM(t)j|£,2 — ||.TT(t)M+||^2) ^ 



N t^oo ||Vu±||l2 

4 C 
(ii) If a> — then liminf (||a-u(t)||i2 - \\xT{t)u+\\L2) ^ -— — . 

Jy t^oo ||Vu±||i2 

Furthermore, C = C {sup \\T{-t)u{t)\\x,N, a, X). 
tea 

Proof. We proceed in 2 steps. 

t s 

step 1. \ft ^ I, - J J \\\/u{<T)\\l2d<Tds ^ -C- Cr^^ - Ct + ||Vu+||^2t - ii|V^i+||^2^^ where 
1 1 

C = C {sup \\T{-t)u{t)\\ X.N, a, X). 

By Proposition 3.1, we have \\u{a)\\ltl2 C {sup \\T {-t)u{t)\\ x, N, a)a- ^ , for all a > 0. With the 
conservation of energy and the equality ||Vu+|||2 = '^E{'p); we deduce that for all cr > 0, 

\\Vu+\\l, - \\Vu{a)\\l2 ^ -C {sup \\T{-t)u{t)\\x,N, a, X)a-'^ 

teK 

(since A > 0). Integrating this expression over [l,t] x [l,s], we get the desired result. 
Step 2. Conclusion. 
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First, note that we have for all t > 1, 

ft ps 



n\\Vuia)\\l2dads 

pt pi pi pS pt pS 

/ / \\Vu{a)\\l2dads+ / / \\Vu[(7)\\l2dads + / / \\\/u{<j)\\l-,d<jds 

n\\\Ju{(j)\\\2d(jds+ j I \\Vu{(j)\\\2d(jds. 
Ji Ji 



And so, 



\Vu{a)\\i2dads i^C{\\ip\\Hi,N,a,X)t + J J \\Vu{a)\\i2dads, 

11 

for alH > 1. And wc proceed as for the proof of Lemma 4.4. □ 

Now, we are able to prove Theorem 2.5. 

Proof of Theorem 2.5. As for the proof of Theorem 2.1, it is sufficient to show that 
I ||a;7i(i)j|/^2 — ||a:;T(i)7i-|-||£,2| remains bounded as t — > oo. Lemmas 4.5 and 4.6 achieve the proof 
and give the desired estimates. □ 

Proof of Proposition 2.8. By Cauchy-Schwarz' inequality, we have 

I \\xuit)\\L2 - 2t\\\7u{t)\\L2\ \\xT{-t)u{t)\\L2, (4.7) 

for alH e M and for every A 7^ 0. 
We have also the following estimate. 



\\xT{t)u+U2 = 2t\\Wu+\\r^2 ^7 +^ + , 1 + + o i , (4.8) 



{ xu+,iWu+) ^ \\xu+\\l2 ^ ^ A 
for alH > large enough and for every A 7^ 0. 

We first establish 1 in the case t > that we note in this proof 1+. 1 in the case i < is obviously 
noted 1_. By (4.7), (4.8) and (4.2), we have 

\\xu{t)\\L2 - \\xT{t)u+\\L2 

^ 2t\\Vuit)U2 + \\xT{-t)um,2 2t\\Vu^U2 + (7+''^"+^ - + « (7 

\\Vu+\\l2 A\\Vu+\\L2t \t 

^ 11 -r( +\ f^Mi , {xu+,iWu+) \\xu+\\l2 (I 

^ \\X1 [—t)u(t)\\T2 ^ — -— — ho - 

" ^ ^ ^ ^"^ \\^u+\\l2 4||Vw+||i2t \t 

for all t > large enough. 

Hence by taking limsup in the above expression. 1_ follows by applying to v solution of (1.1) 

t^oo 
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such that v{0) = tp. Indeed, by uniqueness v(t) = u(— t) and so ~ u_. Then, using and the 
identity T{t)ip = T{-t)ip which holds for aU t G K and V G we obtain 1_. 

Using (4.3) instead of (4.2), we obtain 2 by the same way. □ 

5 Proof of Theorem 2.10 

Proof of Theorem 2.10. Wc proceed in 2 steps. 
Step 1. We have 1 and 3. 

It is well-known that there exist v± G X such that T{—t)u{t) v± (Cazenave and Weissler [3]). 

>±oo 

The result follows from Remark 2.12. 
Step 2. We have 2. 

We set v{t,x) = (x + 2itV)u{t, x), 'w{t^x) = e^^^rru{t,x) and f{u) = X\u\"u. Since T{t) is an 
isometry on H^{R^), we only have to show that xT{-t)u{t) — ^ — ^ xu±. We have X ^ L"+2(R^), 

thus u{t) — T{t)u± > and so lim ||ii(t)||2,<:^+2 = lim \\T{t)u±\\La+2 = 0. Therefore, since 

4 

a > — , 

N' 

MG L«(IR;W^i^''(K^)), (5-1) 
V e L'i{R;L'-{R^)), (5.2) 

for every admissible pair {q,r) (see for example Cazenave [2], Theorem 7.5.3 for (5.1); following the 
proof of this theorem with v instead of w, yields (5.2)). 

From (5.2) we have in particular, v E L°°(K.; i^(]R^)) and so by Proposition 3.1, 1, 

\\umLr ^C\t\~l, (5.3) 

for every admissible pair ((j,r) and for all t ^ 0. 

We have the following integral equation. For all i G M, 

iboo 

u{t) ^T{t)u± - i J T{t- s)f{u{s))ds, 
t 

from which we deduce, 

iboo 

yt€M.,T{t){xT{-t)u{t)-xu±) = ~i I T{t- s){x + 2isV)f{u{s))ds. (5.4) 



15 



We also have {x + 2it\J)u{t,x) = 2ite^ n Ww{t,x). Moreover, e ' n f{u{t,x)) = f{w{t,x)). Thus, 
{x + 2itV)f{u{t,x)) ^2ite'^Vf{w{t,x)), and so \{x + 2itV)f{u{t, x))\ = 2|t||V/(u;(t,x))|. Finahy, 
\\{x+2it\7)f{u)\\^r' = 2|i|||V/(u))||^,' C|i| || Iwl^VifH^,/ . From this inequahty, by using the Holder's 
inequality twice, we deduce that (note that \w\ ~ \u\) 

\\{x + 2ztV)/(7.)||i,,(,.^.,) ^ .-^ JK^ + 2ziV)u|U,(,,i.), (5.5) 

for every admissible pair {q, r) and for any interval / CM. From (5.4), from the Strichartz' estimates, 
from (5.5) and from (5.2), we have 

\\xT{-t)u{t) - xu+\\l2 = \\T{t){xT{-t)u{t) - xu+)\\l2 

^q|(x + 2i,sV)/(ii)||^,.((,,^)^i..) 

S$C||u|r^ ^ \\v\\L,^TSi;Ln 

<ciiuir^ ^, 

L^((t,oo);L'-2 ) 

for every admissible pair (g, r) and for all i > 0. 

We use this inequality with the admissible pair (g,r) such that r = a + 2 and we apply (5.3). Then, 

\\xT{-t)u{t)-xu+\\L2S^C{j s-^dsj i^Ct ^ ^^0, 

4 

since a > — 2a > g — 2. Hence the result. The case t < follows with the same method. □ 
N 
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